Faster Sampling: Advanced Solvers
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1 Faster Sampling: Advanced Solvers

1.1 Motivation and conventions

Flow and diffusion models generate samples by simulating a differential equation that transports
a simple distribution (noise) to the data distribution. In continuous time:

e ODE sampling follows a deterministic trajectory (often fewer steps);

e SDE sampling injects randomness (more diversity, usually more steps).

In this lecture we focus on training-free acceleration: the model is fixed after training and
we only change the numerical solver used at inference. The dominant cost is the number of
function evaluations (NFE), i.e., the number of neural network calls performed by the solver.
The definition of NFE is made precise below.



Definition 1 (Number of function evaluations (NFE))

Suppose a sampler uses N time steps and calls the neural network m times per step. Then
NFE £ mN.

Multistep methods reuse past evaluations and often have average m = 1 after a short warm-up.
Classifier-free guidance typically doubles NFE because it evaluates the model twice (condi-
tional /unconditional).

Remark 1 (Time convention)

We follow the diffusion/solver literature: ¢ = 0 corresponds to clean data and t = 1 corresponds
to pure noise. Hence sampling integrates the reverse-time dynamics from ¢t = 1 down to t = 0.
To reduce to the time convention in our previous lectures (noise — data with increasing time),
we can set ¢ — 1 — t. In this section, we stick to the solver convention for consistency with the
literature and to avoid notational clutter.

1.2 Forward process, backward process, and connection to flow models in-
troduced in earlier lectures

Consider a forward (noising) SDE on [0, 1]:
dX; = fi(Xy)dt + ge AWy, Xo ~ pdata- (1.1)

Let p; denote the density of X;. Under standard regularity assumptions, the reverse-time SDE
(integrated from ¢t =1 to t = 0) is

dX; = (ft(Xt) —9; Ve logpt(Xt)) dt + g, AWy, X1 ~ Pinit, (1.2)

and the associated probability flow ODE (PF-ODE) with the same marginals {p;} is

dl‘t

dt = ft(ﬁft) - %9152 V2 log pi(z¢), Z1 ~ Pinit- (1-3)

In practice the score V log p;(z) is unknown and replaced by a learned model. Here W; denotes
a Brownian motion under the reverse-time filtration; one convenient choice is W; 2 Wi —Wi_s.

Connection to the course convention (noise — data with increasing time). In earlier
lectures we often parameterize the generative dynamics forward in time, starting from noise and
moving toward data. To translate the solver convention (integrate from ¢ = 1 — 0) into that
convention, set

21—t Y, 2 Xi_,, 0 = pi_r. (1.4)



Then 7 increases from 0 to 1 during generation, with Yy ~ pinit and Y7 ~ pdata-
Under this reparameterization, the PF-ODE (1.3)) becomes
dY;

= ~h-(¥) + 301, Vyloga,(Vy), (1.5)
and the reverse-time SDE becomes the forward-in-7 generative SDE
ay;, = (— Fir (V) + g2V, log qT(YT)) dr + g1_p dW,. (1.6)
If we define the course-style generative drift
ur(y) = —fir(y) + 591 Vylog a: (1), (1.7)

then ([1.5) is simply

and (1.6)) is its stochastic counterpart
dYr = (UT(YT) + %g%,TV log QT(YT))dT + g1--dW,

matching the structure used in our earlier notes.

Remark 2 (Flow models as a special case)

If g = 0, then (I.3) reduces to a deterministic flow ODE. In 7-time, (T.5) becomes Y, =
— f1—+(Y7), matching the pure flow setup from earlier lectures.

1.3 Gaussian perturbation schedules

Many diffusion models admit a Gaussian probability path (Gaussian perturbation kernel)
zy | mo ~ N(auzo, B71a),  ao=1, fo=0, a1 =0, B =1. (1.8)

The schedule (o, 8;) determines how signal/noise mix over time. When the forward drift is
linear, f;(x) = y:x, one can convert between the SDE coefficients (¢, g;) and the kernel (g, 3;).

Proposition 2 (Relating (v, g:) and (ay, 5¢))

Assume the linear SDE dxz; = vx¢ dt + g¢ dW; has conditional law (1.8)). Then, for any ¢ > 0,
we have the following relations for all ¢ € [0,1 — §]:

ay

d «
W= 9752 = aﬁ? - 204% ﬁtz- (1-9)

bl
Qi

Proof of Proposition |3 We assume throughout that W; is a standard d-dimensional Brownian
motion, that v:[0,1 —0] = R and ¢g: [0,1 — 6] — [0, 00) are continuous for any § > 0, and that

f01_6 g% ds < oo so the Ito integral below is well-defined. Write X; = z;.



Step 1: Explicit solution via an integrating factor (Ité6 product rule). Define the
(deterministic) integrating factor

t
P, = exp(/ Yu du), so that Dy = v Py, Pg=1.
0

We use the Itd product rule for semimartingales: if Uy, V; are (scalar) semimartingales, then
d(UsVy) = U dVy + Vi AU + d(U, V),

see, e.g., Oksendall (2003) (Ch. 4) or Karatzas and Shreve| (1991) (Ch. 3).

Let Uy = @, ! which has finite variation, hence (U,-) = 0, aka the quadratic covariation
term vanishes because ®; s a smooth, deterministic function. Apply the It6 product rule with
U; = ®; ! and V; = X;. Since d(®; ') = —®, ! dt, we obtain

d(®;'X;) = ;1 dX; + X, d(®; )
=0, (v Xedt + g dWy) + Xy( — 7@, " dt)
= o, lg, dW;.

Integrating from 0 to ¢t yields
t
;' X, = Xo +/ ®; g, dWs,
0

and multiplying by &, gives the explicit solution

t
i
thcthOJr/ —L g, dW,. (1.10)
0 q)S

Step 2: Matching the conditional mean. Taking conditional expectation given X in
and using that an It6 integral has mean zero (again a standard fact; see, e.g., Oksendal,
Ch. 3), we get

E[X; | Xo] = ®:Xo.

By the assumed conditional law (1.8), E[X; | Xo] = a4 X0, hence

o = (Dt.
Differentiating oy = exp( fg Yo du) gives
o7
Y= -
Qi

Step 3: Matching the conditional variance. Conditioned on Xy, the random part of X;

is the It6 integral
A [P
Zy = ; asgs dWs.

Since the integrand is deterministic (depends only on time), Z; | Xy is Gaussian with mean 0.
Moreover, by It6 isometry (see, e.g., Oksendal (2003), Ch. 3),

Cov(Z: | Xo) = (/Ot (i)Q §ds> 1.

4



Therefore,

t 2
Cov(X, | Xo) = Cov(Z; | Xo) = <q>§/ g)‘;ds> 1.
0 s

Matching with (1.8), i.e. Cov(X; | Xo) = 8?14, and using ®; = oy, we obtain
2 2 " g
B = of /0 a—%ds. (1.11)

Step 4: Solving for g?. Differentiate (1.11)) with respect to ¢:

d o g3 g9t Gy
B2 — 906 s q 2, Jt _ 97t g2 2
dtﬁt OltOét/O a2 5+ oy o2 o B; + g;
Rearranging yields
d &
2 2 t 92
= — — 2—
Gt dt By s Bt s

which is exactly (1.9)). O

1.4 Prediction targets: score, noise, data, velocity.
Recall that we assume the Gaussian probability path (1.8]), i.e.
Xy = ayXo + Bee, e ~ N (0, I;) independent of X, (1.12)

so that py(- | Xo = 2z0) = N (auo, 57 1a).

Under this Gaussian path, there are several equivalent prediction targets. The most common
ones are the score V, logpi(x), the noise ¢, the clean data zg, and the velocity v;. It is helpful
to introduce them in that order, because each target can be derived from the previous one.

From score prediction to noise prediction. For (1.8)), the conditional score is V, log p;(x |
1) = —(z—ayx0)/B?. Writing 2; = ayzo+Sie with e ~ N(0, I;), we obtain the marginal identity

BltE*(.’L't,t). (113)

This explains why e-prediction is often numerically more stable than direct score regression: as
t — 0, Bt = 0 so the score can blow up like 3, ! whereas ¢* typically remains o).

e*(xy, t) 2 Ele | z], Vi logpi(zy) = —

From noise prediction to data prediction. The Gaussian relation also links the posterior-
mean noise predictor to the posterior-mean data predictor. Indeed,

(e, t) = Elag | 2.

Ti — 0o ’ } oz — oz (e, t)
Bt Bt ’

Thus, e-prediction and zg-prediction are equivalent up to a known affine transformation deter-
mined by the schedule. In practice, one may train either target and recover the other immedi-
ately.

¥ (xg,t) = Ele | ] = IE{



Velocity prediction. Another widely used target is the velocity
v = dymo + Pre,
which combines the data and noise components along the Gaussian path. The corresponding

oracle velocity predictor is
» velocity / v-prediction
(1.14)

v* (24, 1) = Elcuxo + Bre | ]
= Gy xj(w,t) + Bre*(as,t).

Remark 3 (Relation to the common v-prediction target oue — [5iz¢)
If the schedule is normalized so that a? + 32 = 1, we may write a; = cos; and j3; = sin ; for
(1.15)

some angle 0;. Then . .
duwo + Bre = by (oue — Bro).
Thus predicting aze — By differs from predicting drxg + Buie only by the known scalar factor 0,.

Why vy = duzo + Bie is called the velocity. The quantity czo—+ 3¢ is literally the time-derivative

of the noising trajectory (1.12]) when (x¢,e) are held fixed. We derive this below.
Fix 2o € R? and € € R? and consider the deterministic curve
(1.16)

zr 2 (e | m0) £ aumo + Bie.

If ¢ ~ N(0, 1), then z; has conditional law z; | xg ~ N (auxo, B714), i.e. it realizes the Gaussian

kernel.
Differentiating ([1.16)) in time gives the instantaneous tangent (velocity) along this curve:
(1.17)

Lo hme s
dtl‘t—atﬂfo tE.

Equivalently, one may express this velocity as a vector field in the current state x and the
conditioning xo. When S; # 0, we can solve for the noise as ¢ = (z — aux0)/f: and substitute
@at)xo. (1.18)

into (1.17) to obtain
5 L — 0o Bt .

poao By (g

CB

w(z | zo) = Ao + By 3 =3 T
¢ t
O

Evaluating at @ = x; = ayxg + Sie recovers uy(xy | xo) = duxo + Btg, so this quantity is exactly

the (conditional) velocity of the Gaussian noising trajectory.
1.5 Semilinear ODE and exponential integrators
Assume the forward drift is linear, fi(x) = 2. Substituting (1.13) into the PF-ODE (]1.3)):

— 197 V. log p(y)



yields the semilinear ODE

dﬂ?t + 2 ( t)
— —E T,
dt = "Nt 28, t
7g _ 2%52
= ypay + Lo ox (g )

2@5
= Mtxt + <5t - 5t> (w4, t)

d
= yxt + b e (wy, ), where b; = a; — Bt. (1.19)
dt Qi

The coefficient b; is known from the schedule; the only learned term is €9. We need the following
lemma to derive exponential integrators for (1.19)).

Lemma 3 (Variation of constants / Duhamel formula)

Let 7 : [0,1] — R be continuous and define the (scalar) propagator

t
E(s —>t) £ exp(/ %du), s,t € 0,1].
Consider the possibly nonlinear ODE
By = mxr + F(me,t), (1.20)

where F' : R? x [0,1] — R? is continuous in ¢ and locally Lipschitz in x so that solutions exist
and are unique. Then for any s,t € [0, 1] the solution satisfies

wt—E(s—>t)ws+/tE(u—>t) F(zy,u)du. (1.21)

In particular, when s > ¢ (integrating backward in time), the same identity holds with an integral
over a reversed interval, equivalently

ry=E(s—t)z /Eu—>t (Ty, u) du.

Proof of Lemma[3 We use an integrating factor argument.

Step 1: basic properties of E(s — t). By definition,

E(s—s)=1, %E(s—)t):%E(s—m), %E(s—m):—%E(s—Mﬁ).

Moreover, E has the semigroup (composition) property: for any r, s,t,
E(r—t)=E(s—t)E(r—s), (1.22)

since both sides equal exp( f: Yo du).



Step 2: integrating factor. Fix s € [0, 1] and define the integrating-factor transform
Yy = E(t— s)x.

Differentiate using the product rule (here everything is deterministic, so ordinary calculus ap-
plies):

d
yt:&E(t%s)‘xt—kE(t%s)-:fvt

= (— Bt — )zt + E(t — 8)(yae + Fa, 1))
= E(t — s) F(xy,t).

Integrating from s to t gives

t
Yt — Ys = / E(u— s) F(zy,u)du.

Since ys = E(s — s)zs = x5, we have

t
E(t — s)xy = x4 —I—/ E(u— s) F(zy,u)du.

Step 3: return to x;. Multiply both sides by E(s — t), noting that E(s — t)E(t — s) = 1,
to obtain

Ty :E(s—>t)x3—|—/tE(s—>t)E(u—>s)F(xu,u)du.

Using the semigroup property (1.22) with (7, s,t) = (u, s,t) yields E(s = t) E(u — s) = E(u —
t), hence
t
2y = E(s = t) xs -l—/ E(u —t) F(xy,u)du,
S

which is ((1.21]). The case s > t is identical; the integral fst is simply a negative-oriented integral,
equivalently — [°. O

Taking F(zy, u) = by €*(xy, u) in Lemmal 3| gives the variation of constants formula for (L.19):
t
2 =FE(s = t)xs —|—/ E(u — t) by " (xy, u) du. (1.23)
S

Exponential-integrator samplers handle the linear multiplier E exactly and approximate only
the integral.

Remark 4 (Why exponential integrators help)

For large steps, a plain Euler update approximates the linear multiplier E(s — t) by a first-
order Taylor expansion, introducing a purely linear distortion. Exponential integrators apply
the exact multiplier, so the dominant error comes from approximating the nonlinear integral
only.



1.6 DDIM as exponential Euler
We work with a Gaussitan probability path
pe(- | 2o) = N(Oétl‘o,ﬁtgfd),
and consider the probability-flow ODE written in the e-prediction semilinear form
Ty = ey + by eg(ae, t), t €[0,1]. (1.24)

For Gaussian schedules, the linear coefficient satisfies v, = &/ay, and it is convenient to param-
eterize the nonlinear coefficient as

d /By 5 &
a(a) - Bt_aﬁt. (1'25)

Propagator. Let E(s — t) be the propagator of the homogeneous linear ODE Z; = 7,2, i.e.

E(s —t) = exp(/st’yudu>.

When ~; = &;/ay, we obtain the closed form

E(s—1t) = exp(/st %du> =2 (1.26)

Qi Qg

Variation of constants in («, 3)-coordinates. For a denoising step s > ¢ (sampling runs
backward from noise to data), the variation-of-constants formula (|1.23)) applied to (1.24]) gives

t
xy = FE(s = t) xg —|—/ E(u — t) by " (zy, u) du, (1.27)

where ¢* denotes the oracle (posterior-mean) noise predictor. Substituting (1.26|) and (1.25))
into (1.27) yields

t
d Bu
a:t:at:cs—i-/ ﬂ<cv —6—>€*(mu,u)du

Qs ay \ Y du g
t
O{t d /Bu> *
_ . 1.2
as:l:s —i—at/s du(au e (xy,u)du (1.28)

Exponential Euler = DDIM. The exponential Fuler approximation freezes the learned
term at the start of the step (time s),

e (zy,u) = £*(xs,5), u € [t, ],

and integrates the scalar weight exactly. Applying this to (1.28) gives

T R z—sz +o¢t(/: di(f:) du)s*(:vs,s)

= %IES + at(& - &)5*(@"5, s). (1.29)

Qs Qi Qs



Algorithm 1: DDIM sampler (PF-ODE; one model call per step)
Require: time grid 1 =ty > t; > --- > tjr = 0; schedule (a4, £;); model q(x, t)
Initialize Ty, ~ Pinit // e.g. N(0,1y)
fori=0,1,...,M —1do
S t;, T+ ti+1
£ <+ e9(Ts, 5)
B 2g, b2 -2

Qs

Output: 7 (approximate sample from pgata)

Replacing the oracle predictor €* with a learned network ey yields the deterministic DDIM
update (Song et al., 2022):

Fo= a4 at(@ - @)59(@, 5). (1.30)

Thus, DDIM is a one-model-call-per-step exponential Euler method applied to the semilinear

PF-ODE (T.24).

Corollary 4 (DDIM update in different parameterizations)

Fix a denoising step s > t and let Z; be the current state. Define either a noise prediction
€ ~ &*(Ts,s) or a clean prediction Zp ~ Elzg | xs = Zs] and let them be related by the
consistency relations

Zo = Lﬁs‘/{ F= M. (1.31)
aS BS
Then the deterministic DDIM update z; — Z; can be written equivalently as

i = il Ts+ Ozt(é — é)é\ (e-prediction), (1.32)

Qs g
Gbn = B Ts+ B (% — %)fv\o (xo-prediction), (1.33)

Bs Bt Bs
Tp =20+ B€ (reconstruction / v-view). (1.34)

Proof of Corollary[4. We start from the e-prediction DDIM update obtained in ([1.30]) above via
exponential Euler:

7=y at(é _ &)a (1.35)
a
which is exactly (1.32)).

Assume oy # 0 and s # 0 (true for any interior step under standard noise schedules; not
applying to endpoints that creates singularities).

10



Step 1: consistency relations. We have x; = ayzo + (ie. Taking conditional expectation
E[-|z¢] on both sides gives

1y = B[ Xo|xe] 4+ BiEle|xt] = apawg(we, t) + Bre™ (24, 1),

where x{(xt,t) = E[Xo|z¢] and £*(z4,t) = Ele|ay] are the oracle predictors. Solving this linear
relation for either predictor gives the identities
xp — B (xy, t Ty — oy (xy, t
Q:S(xt,t):—t fre” (1 ), e¥(xy,t) = ¢ (1 ) (1.36)
Qi Bt

In practice, if one has either a noise prediction £ or a clean prediction Zg, one enforces the same
consistency relations by defining the other via (1.31]), which is exactly (1.36)) with Zy and &
in place of the oracle predictors. Specifically, if a noise prediction £ is given, then Ty can be
computed using:

Ts = QsTo + ,836,

which gives

Qs

Conversely, if Z( is given, solving the same identity for £ yields the second relation in ((1.31]):

53 — 04353‘\0
Bs

£=

Step 2: e-prediction = reconstruction form. Using the definition of Zy above,

aTo + BiE = Oét( + Bie

is - ﬁsg>
Qg

(6T « ~
= st + (515 - i/BS)E
o Ol

S

= %ES +Oét<& — &>§
[0

o Qg

The right-hand side matches (|1.35)), hence Ty = ;T + B¢, which is (1.34]).

Step 3: reconstruction = zp-prediction form. Starting from ([1.34) and eliminating &
using € = (75 — asTo)/Ps (from (1.31))), we obtain
Ts — O‘st\O)
Bs
Bt ~ ( Bt >A
=—Is+ |y — —as )
FASEN A
_ Bt ~ ay O

= Eﬂfs + 515(7 - E>ZE0’

Ty = oyTo + 5t(

which is (1.33).
Therefore (1.32)), (1.33]), and ([1.34) are equivalent representations of the same deterministic
DDIM step, with the predictors related by ((1.31]). O

11



Remark 5 (Euler vs. exponential Euler)

DDIM is an exponential FEuler step for the semilinear PF-ODE in e-, x¢-, or score-prediction form:
it integrates the linear “shrink/scale” factor F(s —t) = ay/as eractly and only approximates
the learned nonlinear term. A plain Euler step would also discretize this linear multiplier, which
typically degrades stability and accuracy when taking large denoising steps.

In contrast, in a v-prediction parameterization one can often rewrite the PF-ODE so that the
drift has no isolated linear part, orequivalently, E(s—t) = 1; see details below. In that case,
exponential Euler reduces to ordinary Euler, and DDIM scoincides with a plain Euler update
on the corresponding v-ODE.

Why wv-prediction makes exponential Euler look like Euler? In e-prediction, the
probability-flow ODE (PF-ODE) is naturally written in a semilinear form

. o
&y = " (ﬂt - *@) *(zt, b), (1.37)
t
——
isolated linear part learned /nonlinear part

so the linear propagator is

t -
E(s—>t):exp(/ %du> — &
s Ou Qg

Freezing €*(z,,u) ~ £*(xs,s) and integrating the scalar kernel exactly produces the DDIM
exponential-Euler update, when using e¢(zs, s) in place of €*(x, s).

By contrast, in the reconstruction / v-view one keeps track of the clean/noise decomposition
AT — Btfe(xa t)

x =~ oy xo(z,t) + Breg(z,t), where zo(x,t) =
Qi
Using the identity z; = aya§(at,t) + Bie* (24, t), one can rewrite (1.37) as
.’tt = dt $0(ﬂft,t) +Bt€*(l‘t,t). (138)

This representation has no standalone term proportional to xy. Equivalently, if we split the ODE
as &y = 0-x, + F(t,x), then the linear part is zero and therefore the propagator is the identity:

E(s—t) = exp(/tOdu) = 1.

S
Hence, exponential Euler collapses to an Euler-type freeze the state dependence rule. Indeed,
freezing x(xy, u) as xi(xs, s) = x§(zy, u) and €*(zy, u) as €*(xs, 5) = *(xy, u) in (1.38) gives

¢
xt%azs—l—/ Gy, du xh(xs, s /Budue Zs, S)
S

=Zs+ (at - 045>$0($57 ) (/Bt ﬂs) (x& )
=g zh(xs, 8) + Pre’(xs, s) + (acs — asx5(xs, 8) — Bse™ (s, ))
Due to the consistency relation x5 = asxi(xs,s) + Bse*(zs, s), the residual term vanishes and
we obtain
Tt = ux((Ts, ) + Bee” (25, 8),
which is exactly the DDIM update in reconstruction form, if we replace the oracle predictors
with the learned ones.

12



A common special case: variance-preserving schedules with o?+3? =1. Ifa?+8? =1,
then the PF-ODE in v-prediction form can be rewritten as

Ty = Nxt + <5t — ﬁt) *(x¢,1)
=y (@1, t) + Bie* (@, ) = v* (w4, t).

This makes the no isolated linear part (and thus E(s—t) = 1) completely explicit: the drift is
exactly equal to v*.

1.7 DEIS: multistep exponential integrators

DDIM is a one-step (first-order) exponential integrator. The Diffusion Exponential Integrator
Sampler (DEIS) by Zhang and Chenl, 2023/ improves accuracy by approximating the integrand in
(1.28) with a degree-(K — 1) polynomial fitted to the last K model evaluations, then integrating
this polynomial exactly against the known kernel weight.

Lagrange interpolation. Fix a step index i > K and let 7; = {ti—1,ti—2,..., ti—g}. Along
the numerical trajectory we store &, 2 g (7¢;,t;). Define Lagrange basis polynomials on these

nodes,
s u—ticim .
ez-,j(u)—HOtZ S j=0,1,...,K—1, (1.39)
m#j
such that ¢; j(t;—1-x) = 6; 5 for k=0,..., K — 1, and the interpolant
K—1
gi(u) = Cij(u) &y, hence  &(ti—1-j) =&, ,_ ;- (1.40)
j=0

Specifically, u — &;(u) is the unique polynomial of degree at most K — 1 on [t;,t;—1] that
matches the stored values at past times:

Ei(tim1) = &4y, Eilti2) = Etig, - Eilli-k) = Et_x-

The Lagrange basis polynomials thus act as selector polynomials: the interpolant is a weighted
sum of stored values with weights that are polynomials in .

DEIS update. DEIS replaces gg(xy,u) by &(u) in ((1.28):

K-1
Ty, = T+ Y Cijbii_ (1.41)
at171 —
7=0
with coeflicients
t; /B
ci,jé%/ du( “)zi,j(u) du. (1.42)

The C; ; depend only on the grid and schedule, so they can be precomputed.

13



Algorithm 2: DEIS-K: a multistep exponential integrator sampler.
Require: time grid 1 =ty > t; > --- > tpy = 0; history length K; schedule (o, f;);
noise model &g.

Initialize Z¢, ~ Dinit

Warm up for K — 1 steps using DDIM to obtain @, ..., 2, _,

Store & < eg(zy;,tj) for j=0,..., K —1

fori=K,...,M do // main multistep loop
Compute/look up DEIS coefficients {C; ; }jK:_Ol from
// Integrate the Lagrange interpolant against the known kernel weight

~ o,  ~ K—1 ~
xti A atiil xti*l + Z]:O CZ:J Et

i—1—j

é\ti — 80(55151' ) tl)

DDIM as DEIS with K = 1. When K = 1, the Lagrange basis satisfies ;0 = 1, so ((1.41)
reduces to DDIM. The coefficient simplifies as:

bod B B, Bt
Cio= s — (%) du = axs. Ut N
0= /til du<au> t o (ati atil)

Why DEIS is efficient. Because DEIS reuses the past K —1 stored values {&;, ,,...,&,_x}
each step after warm-up requires only one new model evaluation &;,. This is the hallmark of a
multistep method. In contrast, single-step k-th order methods typically require multiple model
calls per step (e.g., multiple stages in a Runge-Kutta method), whereas DEIS achieves high-
order accuracy with just one new evaluation per step (after a short warm-up). Thus the average
cost per step remains m = 1, making it highly efficient.

1.8 The DPM-Solver family via log-SNR reparameterization

The core idea of the DPM-Solver family (Lu et al., |2022} [2023; Zheng et al., 2023)) is to repa-
rameterize time by the half-log signal-to-noise ratio (SNR).

Half-log SNR. For (1.8]), define

2
A 2 Log X —og X 1.43

Then SNR(t) £ o2/82 = ¢ and f;/ay = e ™. Typical schedules make t — )\ strictly
decreasing.

Observation 1 (Why a uniform grid in A helps?)

A step size h 2 At — As induces a multiplicative SNR change:

SNR(t)
SNR(s)

=exp(2(At — As)) = et (1.44)
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Hence, equal increments in A correspond to equal relative changes in SNR. Because denoising
difficulty is driven more by SNR than by raw time ¢, a uniform A-grid typically yields more
balanced steps. By contrast, a uniform grid in ¢ can produce uneven SNR changes, over-resolving
some regions and under-resolving others, which leads to redundant steps in some intervals and
insufficient resolution in others.

1.8.1 DPM-Solver

Exact integral equation in A-time. Let 5(-) be the inverse map and define 7, = Ty, () and

E9(Ta, A) = £9(Zr, tA(N)). Then we have the following exact integral representation in A-time.

Proposition 5 (Exact integral equation in \-time)

Assume for simplicity that eg = £* so that the same PF-ODE holds for the learned model. Then,
in A-time, the following holds:

d EU\)\ A~ A~ —~ A

5(5) = —e "&p(Tx, ), QN = Oy (N)» (1.45)
oy M oA A

7= S, - gt/ A 2y(Ea, ) dA, h2 =X >0. (1.46)

Approximating the above exponentially weighted integral better with a small number of model
evaluations yields fast solvers.

Proof of Proposition[J. Starting from the semilinear form (1.19)):

dx d
(Ttt = Y2 + by o, 1), bt:atdt(fzi)’
define the scaled state y; 2 /ay. Then
dyy  d /By
S S (2 . 1.4
i = ai (o) =olan) (1.47)
Using B¢/oy = e, we have
d /B A -
(2 at = d(e™) = —e A
dt(Oét) (6 ) €
Hence PN
$)\ A~ A~ —~ A
a(g/\) = —€ 89($)\,)\), Q) = Oy (N)-
Integrating from Ag to A gives (|1.46)). O
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Taylor expansions and ¢-functions. Write the exact integral in the shifted variable r =
A — X € [0,h], where b = X\, — Ay > 0:

h

o' BN

Ty = a—t:cs - 6,5/ " e (Tr g, As + 1) dr, (1.48)
s 0

If we expand the integrand in a Taylor series in r,
p—1 L

o T
E0(Tagqr, As +7) = E Ec‘?’,\“ E0(Txys As),
k=0

then ([1.48) yields coefficients that are explicit functions of h:

ho gk N
/0 e Hdr = ¢p+1(h), or(h) :/0 e =) dr. (1.49)
In particular,
pr(h)=e"—1,  go(h)=e"—1—h,  @3(h)=¢€"—1-nh—In% (1.50)

DPM-Solver methods can be viewed as using a small number of model evaluations to approximate
these Taylor terms (without explicitly computing derivatives), resulting in accurate updates even
for relatively large h, hence few steps.

DPM-Solver-1 = DDIM. For any (Zs, As) and (Zy, A¢), freezing the integrand in ((1.46) at
(Zs, As) gives the following update:
(07

Ty < —Ts — Bt(eh - 1) £0(Ts, 5)
Qs

= %iﬁs + (Bt — BS) e0(ZTs, s), g = exp(—A), (1.51)

s oy Qs

which is exactly the DDIM update (|1.30)).

DPM-Solver-p with p > 2 formally involves derivatives Oljfg (Zx,, As). Because explicitly com-
puting high-order derivatives is expensive, Lu et al.| (2022)) approximates these terms efficiently
using finite-difference schemes (including midpoint formulas). We illustrate this for p = 2, which
leads to DPM-Solver-2.

DPM-Solver-2. Let A\yiq = s + %h and topiq = t A(Amid). We first compute an intermediate
state xpiq using the initial noise prediction, then evaluate the model at the midpoint and use
that evaluation to correct the full step:

Tmid < Ylmia Ts — Bt (eh/2 — 1) eg(Zs,s), (forecast to midpoint) (1.52)
S

Ty —Ts — Sy (eh — 1) €9(ZTmid, tmid). (correction using midpoint) (1.53)
S

This is precisely the exponential midpoint (Heun-type) correction underlying DPM-Solver-2.
Algorithm [3] summarizes the full method.
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Derivation of DPM-Solver-2 via Taylor expansions. The midpoint method is second-order be-
cause it matches the first two terms of the Taylor expansion of the integrand in (1.48) with a
second-order error. We make this explicit below.

Starting from (1.48)), expand the noise predictor:
59(55)\34_,4, As + T) = 59(53,\3, )\s) +r 8,\59(55,\3, )\5) + O(T2). (1.54)

Substituting into the integral and integrating term by term yields

v = Lo — By 61(h) E(Er,. M) + ba(h) DrEa(Ea, ) + O(R). (1.55)

s

To build a practical two-stage solver that explicitly estimates the derivative 0)&y, use the
midpoint finite-difference formula:
€0(Tapias Amid) — E9(Tn,s As)

0o (Fr., Ns) = w2 +O(h). (1.56)

Substituting this approximation into ((1.55)) gives

1= 2 Guon (1) B, N Bronln) (VP ) S o)) o)

. h/2
:;xs B (n() = 2250 Gl 0 = 5 (g i) + OCH

s

= OTTS Bepi1(h )EH(xAmld))‘mld

=6 (0100 = T2 ) (B0, 00) = Bl i) + O

= OT-fs /Bt¢1( )Ee(x)\nnd7 )\mld) =+ O<h’3)

(6 ~ g~
jxs - Bt (6 - 1) Ee(x)\mi(p Amid)a

S

Q

where the penultimate step uses

p2(h)
e

¢1(h) — = O(h?) and E0(Tr,, As) — Ep(Zr iy, Amid) = O(h),

so the extra term is O(h3). This is exactly the DPM-Solver-2 update. The one-step truncation
error is O(h3), which yields second-order global accuracy. O

Remark 6 (Classical ODE methods hiding underneath)

The representation is an exponentially weighted integral equation in A\. DPM-Solver-1
corresponds to the first-order exponential Euler; DPM-Solver-2 is a second-order exponential
midpoint / Heun-type correction. Higher-order variants use additional intermediate evaluations
or multistep differences to approximate the A-integral more accurately.
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Algorithm 3: DPM-Solver-2 (midpoint; e-prediction)
Require: time grid tg > t; > -+ >ty (e.g. to = 1,ta = 0); Ay = log(a/Bt); inverse
tA(+); model eg.
Initialize Z¢, ~ Dinit
fori=1,...,M do // steps in decreasing t / increasing A
S ti—1, T+ t;, h%/\t—)\s
Amid < As + 31, tmid 4 tA(Amid)
Es + €9(Ts, 8)
// forecast to the midpoint (lst-order / DDIM)

P~ Xtpid o7 h/2 P~
Tmid < asd Ts — 5tmid (6 /2 — 1) €s
Emid 4= €0(Tmid; tmid)

// 2nd-order correction using the midpoint evaluation

Ty 4= oL Ts — Bi(e" — 1) Emia

[}

1.8.2 DPM-Solver++: stability via zg-prediction

Classifier-free guidance can greatly increase the magnitude of the model output. In e-prediction
this may lead to unstable updates when using large steps. DPM-Solver++ mitigates this by
switching to xg-prediction and (optionally) clipping/thresholding the predicted Zy.

Relating zo- and e-prediction. Assume that zgg(x¢,t) = x§(z,t) and eg(ag,t) = ¥ (24, t).
From Section (|1.4)), the two parameterizations are related by

Ty — iy 20,0(2t, ) z0.0(z, 1) = M (1.57)

Bt ’ Qi

Thus one can rewrite the same PF-ODE either in e-prediction form or in zg-prediction form.

€g($t, t) =

A key simplification in A-time. As above, view the trajectory in A-time via T 2 Ty (N)-
Define the corresponding clean predictor Zo g(Zx, A) = 0.0(Zx, tA(N)). Starting from (T.45) and
using e = B/a together with (1.57) gives

d B\ (B . .
o (5) == (5 ~Be@n). (1.58)
Let §) = /@y Then
&
T =~ + Boa(@x, V).

This is an exponential relaxation toward the clean prediction on a unit A-timescale. The key
point is that, after switching to xg-prediction, the kernel becomes decaying rather than growing.

Proposition 6 (Exact integral form in z(-prediction)
Let s >t and h = A\; — Ay > 0. The PF-ODE written as (1.58)) implies

At
Tt = gtxs + Oét//\ e~ (e=d) To,p(Tx, A) dA. (1.59)
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Proof. Equation ([1.58)) is linear in g, so solving it with an integrating factor yields

At
Un, = eih?/J\As +/ 67(&7)\)/%\079(3,\, A) dA.
Multiplying by «; and using

ape ™" =M () %61?/0% B

Qg O Qg Bs/as B /Bs

gives ([1.59)). O

First-order DPM-Solver++ update. Freezing the integrand in (1.59)) at the start of the
step gives the one-step update

T R ?ms +ar(1—e )z p(xs, 5), h=XA—XAs >0. (1.60)

This is the exact analogue of DPM-Solver-1, but written in xg-prediction form. Now the coeffi-
cients satisfy 3;/8s <1 and 1 —e™" € (0,1), so they remain bounded even for coarse steps.

Why this helps under strong guidance. Compare the first-order updates in e-prediction
versus xg-prediction:

DDIM / DPM-Solver-1 (e-pred):  ay & —tay — Bi(e" — 1) glas, 5), (1.61)
S

DPM-Solver+-+-1 (zo-pred): Ty~ gtajs + a1 - e_h) 20,6(Ts, 5)- (1.62)
S

When CFG amplifies the model output, the e-update can be destabilized by the growing factor
el —1. By contrast, the zo-update uses bounded coefficients and also permits clipping or dynamic
thresholding directly in data space, where these operations are more natural.

DPM-Solver++-2 (midpoint; 2nd order). Let Apiq = As + %h and tmid = tax(Amia). A
second-order midpoint variant mirrors DPM-Solver-2: first take a first-order forecast to the
midpoint, then evaluate the clean predictor there, and finally use that midpoint value to update
the full step:

/Btmid

Tmid 5 Ts + o,y (1 — e_h/2) 20,6(Ts, 5), (1.63)
S
Ty gt:vs + at(l - e_h) 20,0(Tmid, tmid)- (1.64)
S

In practice one often applies dynamic thresholding or simple clipping to the midpoint prediction
20,0(Tmid, tmia) before using it.
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Algorithm 4: DPM-Solver++-2 (midpoint; xg-prediction)
Require: time grid tg > t1 > --- > tpr; log-SNR Ay = log(ay/f;) and inverse t)(+);
schedule (o, B;); wo-prediction model Z g.
Initialize Z¢, ~ Dinit
To,s < T0,0(T4y, o)
fori=1,...,M do // main loop
S ti_1, T+ t;, h<—>\t—)\s
Amid < As + 3, tmid < tA(Amid)
// 1st-order forecast to the midpoint using cached Zys

(1— e /2) 7,

Zo,mid < Z0,0(Tmid, tmid)
// (optional) stabilize: threshold/clip Zymid
// 2nd-order update using the midpoint evaluation

~ Btmi ~
Tmid < B 4T, + oy

s mid

Tt % Ts+ Oét(l — e’h) /x'\oymid
if © < M then // cache for next step; may skip at 1 =M
| T  Top(Z1,t)

Multistep variants. DPM-Solver++ also admits multistep versions (2M, 3M, ...) that reuse
a short history so that, after warm-up, each step needs only one new model evaluation, similar
in spirit to DEIS.

1.8.3 DPM-Solver-v3

DPM-Solver-v3 (Zheng et al.l 2023 makes explicit a design choice that was implicit in the
previous sections: before discretizing the PF-ODE, one must decide which prediction target to
use (&, xg, v, score, or hybrids) and which one-step coefficients to attach to that parameterization.
Rather than fixing th88888ese choices by hand, DPM-Solver-v3 chooses them by minimizing a
proxy for the local truncation error. The main idea is simple: treat sampler design itself as a
small regression problem.

A simple residual-minimization view. Write the PF-ODE in semilinear form
Ty = gy + No(w4, 1), (1.65)

where ; is schedule-dependent and Ny depends on the chosen parameterization. For a step
s — t, the exact variation-of-constants identity is

= E(s — t) zs + /tE(u s 1) Ny (a0, 1) du. (1.66)

Thus the design problem is really: how should we approximate the integral term in (1.66])?
[More details - it might be hard to understand for students.]

A broad class of one-step solvers replaces that integral by a weighted combination of a few
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model evaluations:

T(B) S E(s > ) as+ Y B Prn(s,t) No(Ts,y s 5m), (1.67)

m=1

where {s,,} C [t,s] are evaluation times and ®,,(s,t) are known scalar kernel factors (¢-
functions, integrals of F, etc.), while Z,  are stage states taken from a cheap surrogate tra-
jectory such as a first-order forecast. So the unknowns are the coefficients 8 = (1, ..., f,), and
the question is how to choose them well.

To answer that, DPM-Solver-v3 first fixes a surrogate trajectory z, and measures how well
a candidate coefficient vector 8 reproduces the integral along that surrogate path. This gives
the residual

R(ﬁ)é/ E(u — ) No(Zu,u)du — Y B B (5,) No(Zs,,, Sm)- (1.68)

m=1

The first term is the surrogate version of the exact integral, and the second term is the one-step
approximation. The coefficients are then chosen by a least-squares criterion

§" € argmin E[|IR(B)]13], (1.69)

and one repeats this procedure across candidate parameterizations Ng. The final choice is the
target and coefficient vector whose optimized proxy error is smallest.

In this sense, DPM-Solver-v3 is a meta-design principle rather than a single hand-derived
update rule: it uses a cheap surrogate trajectory to score candidate parameterizations and
quadrature weights, then keeps the combination predicted to have the smallest local error.

1.9 A numerical-analysis viewpoint: What are these solvers?

Many diffusion samplers are classical ODE methods applied to either the PF-ODE itself or an
exponential-integrator reformulation (often after a time reparameterization). The table below
lists common correspondences.

View / parameterization Classical method Sampler name (typical)
v-prediction Euler DDIM (often coincides)

e/ xo/ score prediction exponential Euler DDIM

log-SNR (\) + e-pred exponential midpoint / Heun DPM-Solver-2

semilinear, multistep Adams—Bashforth-type EI DEIS-K

log-SNR + tailored Taylor / ¢-weights specialized EI / RK DPM-Solver family

1.10 Closing remarks
Training-free solvers can drastically reduce sampling cost:
e DDIM: first-order exponential Euler for the PF-ODE;

e DEIS: multistep exponential integrators (higher order with NFE near 1 per step);
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e DPM-Solver family: log-SNR reparameterization and tailored exponential-integrator up-
dates;

These methods make diffusion models far more practical, but they remain iterative. An impor-
tant next direction is to learn a fast solver (distillation / one-step generative models).
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